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Abstract. We introduce the notion of matched pairs of Courant algebroids and give several 
examples arising naturally from complex manifolds, holomorphic Courant algebroids, and cer- 
tain regular Courant algebroids. We consider the matched sum of two Dirac subbundles, one 
in each of two Courant algebroids forming a matched pair. 

O 

^ 1. Introduction 

^ Matched pairs of algebraic structures occur naturally in several contexts of mathematics. For 
instance, a matched pair of groupoids, introduced by Mackenzie in [TU] while studying double 
(Lie) groupoids, are two groupoids G =^ M and H ^ M over the same base M together with 
a representation of G on H and a representation of H on G compatible such that their product 
G txi i7 is again a groupoid. The infinitesimal version is a matched pair of Lie algebroids, which 
were introduced by Lu in [9j and studied by Mokri in [12]. They consist of two Lie algebroids 
Ai and A2 over the same base manifold M, together with an Ai-module structure on A2 and 
^ an y42-module structure on Ai, such that their direct sum Ai tx\ A2 is again a Lie algebroid. 
^ tt^ Further examples arise from the study of holomorphic Poisson structures and holomorphic Lie 
algebroids 

^ The main goal of this note is to study matched pairs of Courant algebroids. More precisely, we 
^ investigate the question under which conditions the direct sum of two Courant algebroids over 
^ the same base manifold is still a Courant algebroid. We derive conditions which are similar to 
T— I those of Lu and Mokri ^ [T2] • However, there is a significant difference between matched pairs 
of Courant algebroids and matched pairs of Lie algebroids. It turns out, unlike Lie algebroids, 
O that each component of the direct sum Courant algebroid of a matched pair is no longer a 
^ Courant subalgebroid. 

J> Examples of matched pairs of Courant algebroids have appeared in literature. In connection 
^ with the study of port-Hamiltonian systems, Merker considered the Courant algebroid TM © 
T*M (B E (B E*, where — )■ M be a vector bundle endowed with a flat connection V [H]. This 
is indeed a very simple example of matched pairs of Courant algebroids. 

Another class of matched pairs of Courant algebroids arise when studying holomorphic Courant 
algebroids along a similar line as in the study of holomorphic Lie algebroids ^ . In particular, 
we prove that a holomorphic Courant algebroid over a complex manifold X is equivalent to a 
matched pair of (smooth) Courant algebroids satisfying certain special properties, one of which 
is the standard Courant algebroid T^'^ © (T^'^)*. 

A third class of examples arise from the construction of regular Courant algebroids, which were 
recently classified by one of the authors in a joint work pj. 

The paper is organized as follows. In Section [2] we review the notion of Courant algebroids 
and matched pairs of Lie algebroids. In Section [3] we introduce the definition of matched pairs 
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of Courant algebroids. In Section |4] we give four classes of examples: Courant algebroids with 
flat connections, complex manifolds, holomorphic Courant algebroids, and fiat regular Courant 
algebroids. In Section |5} we give a definition of matched pairs of Dirac structures and show 
that a matched pair of Dirac structures is a matched pair of Lie algebroids. A supergeometric 
description of matched pairs of Courant algebroids will be discussed elsewhere. 

We would like to thank Thomas Strobl and Ping Xu for enlightening discussions. 



2. Preliminaries 

We recall the definition of Courant algebroids based on the Dorfman bracket originally intro- 
duced in [3| 13]. For a comparison to the bracket introduced by Courant [8J, see [121 [2]- 

Definition 2.1. A (real) Courant algebroid is a real vector bundle E ^ M endowed with a 
symmetric non-degenerate M.-bilinear form ( , ) on E with values in M, an M.-bilinear product 
o on the space of sections T{E) called Dorfman bracket and a bundle map p : E ^ TM (over 
the identity) called anchor map satisfying 

O (01 O 02) = 01 O (0 O 02) + (0 O 0i) O 02 (1) 

0o(/0') = (p(0)/)0' + /(0o0') (2) 
0o0=|P(0,0) (3) 
p(0)(0',0')=2(0o0',0'), (4) 

where 0,0i,02,0' E T{E), f G C°°(M) and V : C°°(M) -> T{E) is defined by the relation 
(P/,0)=p*(d/)0. 

For any 0, "0 € r(-E), we have [H] 

p(0o^) = [p(0),p(^)]. (5) 

Moreover {Vf) o = 0. 

Remark 2.2. Complex Courant algebroids are defined similarly except that the pairing is 
C-valued, the anchor is TM ® C-valued, and C-linearity replaces M.-linearity. 

In one of his letters to Alan Weinstein, Pavol Severa described the following example: 

Example 2.3. To each closed 3-form H on M is associated a Courant algebroid structure on 
TM ®T*M with inner product 

{X®a,Y®f3) = a{X)+P{Y), (6) 

anchor map 

p{X © a) = X, (7) 

and Dorfman bracket 

{X®a)o{Y ®I3) = [X, Y] © (Cxl3 - da + ixayH) , (8) 

where X, F G X(M) and a, /9 G fi^(M). This Dorfman bracket is called standard if H = and 
H -twisted ifHj^O. 
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Definition 2.4. Given an anchored vector bundle E A TM and a vector bundle V over a 
smooth manifold M , an E-connection on V is a bilinear operator V : T{E) ® T{V) — T{V) 
fulfilling 

Vf^v = fV^v, (9) 
'^^ifv) = {pii^)f)v + fV^v (10) 

for all f e C^{M), if; e T{E), and v G T{V). 

Definition 2.5 ([T^). Two Lie algebroids A and A' form a matched pair when a flat A- 
connection on A' and a flat A' - connection ^ on A satisfying 

[b, C] = b, C] + [b, ^„ c]+%^J- %^^C (11) 

7] = [^a /3, 7] + ^] + J - ,7 (12) 

(for all a, f3,'y E ^{A') and a,b,c E T{A) ) are specified. 
The following theorem is due to Mokri. 

Theorem 2.6 ([I2])- Let A and A' be a pair of Lie algebroids (with anchors pa and p^i, and 
Lie brackets [, ]^ and [, resp.). If a pair of connections ^ and ^ makes {A, A') into a 
matched pair of Lie algebroids, then the vector bundle A(B A' is a Lie algebroid when endowed 
with the anchor map pa + Pa' cind the bracket 

[a + a,6 + /3] = ([a, 6]^ + ^„ 6 - "^/j a) + ([a, + "^a /? - "^f, a). 

Conversely, given a Lie algebroid L and two Lie subalgebroid A and A' such that L = A® A' 
as vector bundles, then {A, A') is a matched pair of Lie algebroids whose pair of connections is 
determined by the following relation: 

[a,/3] = -^pa + ^afi. 



3. Matched pairs 

Let [E, (,),p, o) be a Courant algebroid. Assume we are given two subbundles Ei,E2 of E 
such that E = El Q) E2 and E^ = E2. Let pr^ (resp. pr2) denote the projection of E onto Ei 
(resp. E2) and ii (resp. 12) denote the inclusion of Ei (resp. E2) into E, respectively. Assume 
that Ek is itself a Courant algebroid with anchor Pk = p ° iki inner product (a, b)k = {ikO-i "ikb), 
and Dorfman bracket ao^ 6 = pTf^{ikaoikb). A natural question is how to recover the Courant 
algebroid structure on E from Ei and E2. 

Proposition 3.1. The inner product and the anchor map of E are uniquely determined by 
their restrictions to the subbundles Ei and £'2- Indeed, for a,b E r(£'i) and G r{E2), we 
have 

{a®a,b®/3) = {a,b)i + {a,(3)2, (13) 
p{a ei a) = pi{a) + p2{a) , (14) 

where a® a is shorthand for ii{a) + i2{a)- 
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Proposition 3.2. The bracket on E induces an Ei-connection on E2: 

U/3 = pr2((zia)oM)) (15) 



and an E2-connection on Ei: 

^f)a = pr^ ((is/?) o (iio)) . (16) 
These connections preserve the inner products on Ei and E2: 

p{a){a, b)i = (V, a, 6)1 + (a, ^„ 6)1 (17) 
p(a) (a, (3)2 = {^a a, (3)2 + (a, "^a /3)2 (18) 

Moreover, we have 

{a®Q)o{Q®l3) = -^pa®^aP (19) 

for a G T{Ei) and P G T{E2). 

Proof. The first two equations follow from Leibniz rule ([2]). The next two equations follow from 
ad-invariance Q. The last equation uses in addition axiom ([s]). □ 

Proposition 3.3. (a) For all a,b & r{Ei), we have 

(a © 0) o (6 © 0) = (a oi b) © (|l?2(a, &)i + ^{a, b)) , (20) 
where Q: ^{Ei) — > r(-£'2) is defined by the relation 

Q{a, b) = ^ pr2(zia o iib — iib o iia). (21) 

In fact is entirely determined by the connection V: T(E2) © r(-E'i) r(£'i) through 
the relation 

(7,fi(a,6))2 = l{{%a,b), - {a,%b),) (22) 
(b) For all a, f3 & T{E2), we have 

(0 © a) o (0 © /3) = (ll?i(a, /3)2 + 0(a, /?)) © {a 02 /3), (23) 

where U: r(-E'2) — ^ r(£'i) is defined by the relation 

I3{a, 13) = I pri(z2a o «2/3 - ^2/3 o ^2")- (24) 

In fact, 15 is entirely determined by the connection ^ : T{Ei) ®T(E2) — > r(-£'2) through 
the relation 

{c,l5{a,l3))i = ^((^ea,/3)2 - («,^c/3)2). (25) 

Proof. From axiom ([s]) we conclude that the symmetric part of the bracket is given by 

(a © 0) o (a © 0) = lV{a, a)i = lVi{a, a)i © ^"^2(0, a)i. 
Moreover using Q we get 

(0©7, (a©0)o(6©0)) = p(a©0)(0©7,6©0) - ((a © 0) o (0 © 7), (6 © 0)) = {%a,b)i 
The formula for O occurs under analog considerations for © a and © /3. □ 



As a consequence, we obtain the formula 

{a®a)o{b®P) = [aoib + ^ab-%a + U{a,P) + lVi{a,P) 

fa 02 /3 + ^„ /5 - "^fe a + Q{a, b) + |r'2(a, &)i 



(26) 

which shows that the Dorfman bracket on T{E) can be recovered from the Courant algebroid 
structures on Ei and E2 together with the connections ^ and ^ . 

Lemma 3.4. For any f E C°°(M), b E T{Ei), and /3 E 1(^2), we have ^v^f (3 = and 
%,fb = 0. 

Proof. We have /3 = pr2((Pi/ © 0) o (0 © /?)) = pr2(P/ o (0 © 
Set 

^(a, b)a := ^a^b a - ^b^a a - ^aoib «, 

"^(a, /3)a := ^a^l3 a — ^I3^a a — ^aoa/? « . 

Lemma 3.5. The curvatures ^ and R are sections of K^El © o{E2) '■ 
o{E2) is the bundle of skew- symmetric endomorphisms of {E2, ( , )2)- 



0. □ 

(27) 
(28) 

A'^El © A'^E^, where 



Proof The (M)-hnearity of ^(a, b) q; in a follows from ([s]). The curvature it is also C°°(M)- 
linear in b. In view of Lemma |3.4[ it is also skew-symmetric with respect to a and b. □ 



Theorem 3.6. Assume we are given two Courant algebroids Ei and E2 over the same manifold 
M and two connections r(£^i) ©r(£'2) — )■ T{E2) and V^: r(_E'2) ©r(-£'i) — > r(_E'i) preserving 
the fiberwise metrics and satisfying '^Vif (3 = and ^ = for all f E C°°{M), b E T{Ei), 
and (3 E T{E2). Then the inner produc t (|l3) ), the anchor map (14), and the bracket (26) on 
the direct sum E = Ei® E2 satisfy ([3j), and Moreover, the Jacobi identity ([T| is fully 
equivalent to the following group of properties: 

(fll Ol ^2) - (^a Oi) Oi fla - fll Ol (^a ^2) 



ai + 02 

= -0(a, i7(ai, 02) + 1^^2(0-1,02)) - \Vi(a,Vt{ai,a2) + |l^2(ai,02) 

(ttl O2 "2) - (^a Oil) O2 a2 - ai O2 (^a "2) " ^V,^ a + ^V,^ a "2 

= -fi(a, 0(ai, 0:2) + |X>i(ai,a2)) - ^I^a^a, 0(ai, ^2) + |^^i(ai,a2) 



^ + S = 
Vn(ai,a2) as + c.p. = 

^U(ai,Q2) "3 + C.j). = 



(29) 

(30) 

(31) 
(32) 
(33) 



Proof. Axioms ([2]), ([3]), and ^ are straightforward computations from the definition (26) using 
(22) and (25). To check the Jacobi identity, it is helpful to compute for triples of sections of 
El and E2, respectively, which gives 8 cases. Equations (31), (32), and (33) arise when pairing 
the Jacobiator with an arbitrary section of i?i © -£^2- CH 



We are now ready to introduce the main notion of the paper. 
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Definition 3.7. Two Courant algebroids Ei and E2 over the same manifold M together with a 
pair of connections satisfying the properties listed in Theorem 3^ are said to form a matched 
pair. The induced Courant algebroid structure on the direct sum vector bundle Ei (BE2 is called 
the matched sum of the pair {Ei, E2). 



4. Examples 



4.1. Courant algebroids with a fiat connection. The first example goes back to Merker 
in [TT]. Start with a Courant algebroid {Ei, o^, pi) and assume that V is a metric connection on 
a pseudo Euclidean vector bundle (V, ( , )) over the same manifold. If, in addition, Vd/s = 
for all smooth functions / G C°^(M), then the curvature i?, defined as 

IS an element of T{K^Ei ® o{V)). We require this to vanish. We can endow E2 = V with the 
trivial Courant bracket and trivial anchor. Furthermore, we assume that the i?2-connection on 
El is trivial. Then, 

{i)®v)o © v') = ((V^ oi V^') + lV{v, v') + ^](^;, v')) © (v^ v' - V^' v) . (34) 

This Courant algebroid plays an important role in the study of port-Hamiltonian systems [TT] . 
Let E' — J- M be a vector bundle endowed with a fiat connection V. The port-Hamiltonian 
system can be described by a Dirac structure D C CM © V, where CM := TM © T*M is the 
standard Courant algebroid, V := E (B E* the trivial Courant algebroid with vanishing bracket 
and anchor, and CM (B V their matched pair as explained above. An interesting family of 
Dirac structures that does not-necessarily project to Dirac structures on CM or V arises from 
a 2-form u G fl'^{M) and a so-called port map, which is a bundle map A: T*M E. The 
Dirac structure is now the graph of the bundle map 

/ u* -{Aouj*)*\ 

[Aoco* 
TM © E* — ^ T*M © E. 

The integrability conditions are du = and d©(y4 o a;#) = 0, where d© is the Lie algebroid 
differential of the sum Lie algebroid TM © of the matched pair of Lie algebroids (TM, E). 

Conversely, given a bivector field tt G r(A^TM) and a port map A : T*M — )■ E, we can consider 

the graph of the bundle map ^ \ : T*M Q) E T*M Q) E. This is always isotropic. It 

is integrable iff [vr, vr] = 0, [tt, A]© = 0, and [A, A]© = 0, where [ , ]© is the Schouten bracket of 
the sum Lie algebroid of the matched pair (TM, E). 



4.2. Complex manifolds. Let X be a complex manifold. Its tangent bundle Tx is a holo- 
morphic vector bundle. Consider the almost complex structure j: Tx — )■ Tx- Since = — id, 
the complexified tangent bundle Tx C decomposes as the direct sum of T^'^ and T^'^. Let 
pr°'^ : Tx © C — > T^'^ and pr^'° : Tx © C — )■ T^^ denote the canonical projections. The complex 
vector bundles Tx and T^'° are canonically identified with one another by the bundle map 
l{id-^j):Tx-^T'/. 

Definition 4.1. ^4 complex Courant algebroid is a complex vector bundle E ^ M endowed with 
a symmetric nondegenerate C-bilinear form (., .) on the fibers of E with values in C, a C-bilinear 
Dorfman bracket o on the space of sections T{E) and an anchor map p : E ^ TM©C satisfying 
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relations 0, and Q, where V : C~(M;C) T{E) is defined by {Vf,(j)) = p*(d/)0, 

V(/) e r{E),f e C°°(M;C) 

The complexified tangent bundle Tx (8> C of a complex manifold X is a smooth complex Lie 
algebroid. As a vector bundle, it is the direct sum of T^'^ and T^'°, which are both Lie 
subalgebroids. 

The Lie bracket of (complex) vector fields induces a T^'°- module structure on T^^: 

V°xY = pi''''[X,Y] (X e Xi'°,r G X°''), (35) 

and a T^'^-module structure on T^'°: 

V\X = pri'°[F, X] (X e X''°, Y E X°''). (36) 

The flatness of these connections is a byproduct of the integrability of j. We use the same 
symbol V° to denote the induced connections on the dual spaces: 

V°x/3 = PT^'\Cxl3) (X G 13 e 1]°'^), (37) 

Wa = pri'°(/:ya) (F G a G ^]''°). (38) 



As in Example 2.3, associated to each G f2^''^(X) such that dH^'^ = 0, there is a complex 
twisted Courant algebroid structure on C]f = T^'° © (Tx^)*. Moreover, if two (3, 0)-forms 
and H'^'^ are 9-cohomologous, then the associated twisted Courant algebroid structures on C]f 
are isomorphic. Similarly, associated to each H^'^ G Q^'^{X) such that dH^'^ = 0, there is a 
complex twisted Courant algebroid structure on Cx^ = T^'^ © (T^'^)*. 

Proposition 4.2. Lei if = H'^'° + H^'^ + //^'^ + H°'^ G ^]3(X) © C, where H''^ G fi^'^(X), 
be a closed 3-form. Let {Clf)HS,o be the complex Courant algebroid structure on Clf = T^'° © 
{Tx^y twisted by H^'^, and {Cx^)ho,3 be the complex Courant algebroid structure on Cx^ = 
Tx^ © {Tx^y twisted by H^'^. Then {Clf)H3,o and {Cx^)HO/i form a matched pair of Courant 
algebroids, with connections given by 

^x^a {Y(BI3)= V"xY © + H''\X, Y, •) (39) 

(X © a) = V"yX © V^a + H^'\Y, X, ■) (40) 

for all X G X^'^, a G Q^'^, Y G X^'^. The resulting matched sum Courant algebroid is isomor- 
phic to the standard complex Courant algebroid (Tx ©T^) © C twisted by H. 

Proof. The Courant algebroid {C]f)H3,o is the twisted complex Courant algebroid (T^'^ © 
T^'*^ )-f/3.o- Therefore the 3-form H^''^ must be closed under d. This is true since the fi^^'^)- 
component of dH vanishes. The analog considerations are true for {Cx'^)ho,3. 

It is clear that (Tx © TJ) © C can be twisted by H. Straightforward computations show that 
this induces the twisted standard brackets on Cx^ and Cx^ respectively. Also the connections 
are induced by this Courant bracket. □ 

4.3. Holomorphic Courant algebroids. Let X be a complex manifold. We denote by C]f = 
Tx^ © [Tx^y and = Tx'^ © [Tx'^y the standard Courant algebroid. 

Definition 4.3. A holomorphic Courant algebroid consists of a holomorphic vector bundle E 
over a complex manifold X , with sheaf of holomorphic sections S, endowed with a fiberwise C- 

valued inner product ( , ) inducing a homomorphism of sheaves of Ox-modules £ ®Ox ^ 
Ox, a bundle map E ^ Tx inducing a homomorphism of sheaves of Ox-modules £ A Qx, 
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where &x denotes the sheaf of holomorphic sections ofTx, and a homomorphism of sheaves of 
C-modules £ ®c £ £ satisfying relations ([T]), (jsj), and where V = p* o d : Ox £ 
and (I), 4)1, (1)2, (I)' e£, f e Ox- 

Holomorphic Courant algebroids were also studied by Gualtieri, and we refer to [S] for more 
details. 

Lemma 4.4 (Theorem 2.6.26 in [B]). Let E be a complex vector bundle over a complex manifold 
X, and let £ be a sheaf of Ox-fnodules of sections of E ^ X such that, for each x E X, there 
exists an open neighborhood U E X with T{U;E) = C°^(f/, C) ■ £{U). Then the following 
assertions are equivalent. 

(a) The vector bundle E is holomorphic with sheaf of holomorphic sections £. 

(b) There exists a (unique) flat Tx^ -connection V on E X such that 

£{U) = {ae V{U; E) s.t. Vy a = 0, VF G 

Lemma 4.5. Let E ^ X be a holomorphic vector bundle with £ as sheaf of holomorphic 
sections, and V the corresponding flat Tx^ -connection on E. Let ( , ) be a smoothly varying 
C-valued fiberwise symmetric nondegenerate C-bilinear form on E. The following assertions 
are equivalent: 

(a) The inner product (., .) induces a homomorphism of sheaves of O x -'modules £®Ox^ ~^ 
Ox- 

(b) For all (f),ip e T{E) and Y G X^'\X), we have 

Proposition 4.6. Let E X be a holomorphic vector bundle with £ as the sheaf of holomor- 
phic sections, and V the corresponding flat Tx^- connection on E. Let p be a homomorphism 
of (complex) vector bundles from E to Tx- The following assertions are equivalent: 

(a) The homomorphism p induces a homomorphism of sheaves of Ox-modules £ — > 9x- 

(b) The homomorphism : E T^'" obtained from p by identifying Tx to T]f satisfies 
the relation 

pi'0(Vy 0) = pri'0[F,pi'V], vr G r(T°'i), G r(Ei'O). (41) 

Lemma 4.7. Let {E, {., .),p, .o .) be a holomorphic Courant algebroid over a complex manifold 
X. Denote the sheaf of holomorphic sections of the underlying holomorphic vector bundle by £ 
and the corresponding Tx^ -connection on E byV. Then, there exists a unique complex Courant 
algebroid structure on E ^ X with inner product ( , ) and anchor map p^'^ = |(id —ij)op: E — )• 
Tx^ C Tx ®C, the restriction of whose Dorfman bracket to £ coincides with o. Such a complex 
Courant algebroid is denoted by E^'^ . 

Proof. To prove the uniqueness, assume that there are two complex Courant algebroid struc- 
tures on the smooth vector bundle E ^ X whose anchor map and inner products coincide. 
Moreover the Dorfman brackets coincide on £, the sheaf of holomorphic sections. Then the 
Dorfman brackets coincide on all of T{E), because the holomorphic sections over a coordinate 
neighborhood of X are dense in the set of smooth sections. 

To argue for the existence, note that we want the Leibniz rules 

cPo{g ■ ij) = p'^\<P)[g]- + g ■ {(jyoij) 

(/ ■ 0) o ^ = -/'O(^) [/] ■ + /(0 o ^) + (0, V^) ■ p(i-o)M/ 
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for E '^{E) and f,g E C°°{X). Therefore we define the Dorfman bracket of the smooth 
sections / ■ and g ■ ip, Wcp, ip E S, a-s 

{f.<f>)o{g.^) = /pi'°(0)M ■^ + fg-{<po^)- gp'''mf] " + (0,^)^? • P^''°^*d/ • 

First we should argue that this extension is consistent with the bracket defined for holomorphic 
sections. Assume therefore that / ■ is again holomorphic, where / G C°°{X) and (p E S. But 
this implies that / is holomorphic on the open set where is not zero. Therefore on this open 
set the extension says 

fp'''mg] ■^ + fg-{<j>o^)- gp^'^inf] " + {<l>,^)9 " P^''°^*d/ 

= /P(0) [g]-^ + fg-{<Po^)- gp{^) [/] • + (0, ^)g . p*df 

where we have used the fact that the two anchor maps coincide for holomorphic sections and 
p(i.o)*^y — p*df . Therefore the term is just {f ■ (f)) o (g ■ ip). 

Since the first derivatives of / and g are continuous, the above relation also holds on the closure 
of the open domain where both and ip do not vanish. But on the complement, which is open, 
this term is just 0, because at least one of the terms or -0 as well as the bracket o -0 is also 
0. 

It follows from a straightforward but tedious computation that this bracket fulfills the four 
axioms Q-Q. As an example, we show the proof of the axiom (|3]): 

(/ ■ 0) o (/ ■ 0) = /2 . (0 o 0) + (0, 0)/ ■ p(i'°)*d/ 
= ip*9(0,0) + (0,0)/-p(i'°)W 
= ip(i'°)M(/-0,/-0) 

where, in the last step, we used again the fact that p*d = p^^'^^*d when applied to holomorphic 
functions. □ 

Define a flat C^^-connection ^ on £^ by 

^yer, e = Vy e, (42) 

and a fiat E'-connection ^ on by 

iY®v) = V°i,o(,)(F ®v) = pr°'i(/:,i,o(e)(r © v)) = pr°'^([p^'°(e), Y] © C,^^o^,)v), (43) 
where pr°'^ denotes the projection of {Tx © T^) © C onto Tx^ © {Tx^)*. 



We can write the identity (41) as 

p(^y0)-%y = [y,p(0)]. (44) 

Thus we have the following 

Proposition 4.8. Let {E, {., .),p,o) be a holomorphic Courant algebroid over a complex mani- 
fold X . Denote the sheaf of holomorphic sections by S and the corresponding flat Tx^ -connection 
on E by V. Then the two complex Courant algebroids Cx^ and E^'^, together with the flat con- 
nections ^ and ^ given by (42) and (43), constitute a matched pair of complex Courant 



algebroids, which we call the companion matched pair of the holomorphic Courant algebroid E. 
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Proof. We check that C^^Q-E^'" is a Courant algebroid. The axioms ([2])-(|4]) are straightforward 
computations by using the fact that the connections preserve the inner product on each Courant 
algebroid. 



It remains to check that the Jacobi identity holds. By Proposition 3.6, it suffices to check 



e 6 © fix C r{Cx^). So we are left to check that multiplying the a, (or the a, respectively) 
with smooth functions we get the same additional terms on each side of the equations. This 
will be demonstrated for ( 29 ) . The left hand side of (|29| is 



that the five properties (29)-(33) hold. All equations are trivially satisfied when ai G £ and 



Then 



LHS(a2) := (oi o ^2) - (^q ai) o 02 - Oi o 02) - ^^^^ „ + ^^^^ , 
LHS(/ ■ 02) = / ■ LHS(a2) + {[p{a) , p{a,)] + p(^„, a) - p{^^ ai)) [/] • 



0,2- 



and the second term vanishes due to (44). For the right hand side 

RHS(a2) := -0(q;, i7(ai, 02) + |d(ai,a2)) - fi(ai, 02) + |d(ai,a2)), 

we have 

RHS(/-a2) = / ■RHS(a2). 

Thus the right hand side is also (X)-linear in 02. Analog considerations result in coinciding 
terms for both sides of (29) when multiplying ai or a by a smooth function. □ 



In fact, the converse is also true. 

Proposition 4.9. Let X be a complex manifold. Assume that {Cx^,B) is a matched pair of 
complex Courant algebroids such that the anchor of B takes values in T^^ , both connections ^ 
and ^ are flat with the B -connection ^ on being given by {Y (B rj) = V°(g-)(F © rj). 
Then there is a unique holomorphic Courant algebroid E such that B = E^'^ . 

Proof. The fiat C°'^-connection induces a fiat T°'^-connection on B. Hence there is a holomor- 
phic vector bundle E ^ X such that E^'^ = B, according to Lemma 4.4 Since the connection 



V preserves the inner product on B and is compatible with the anchor map (41), E inherits 
a holomorphic inner product and a holomorphic anchor map. It remains to check that the 
induced Dorfman bracket is holomorphic as well. If Oi, 02 G £^ are two holomorphic sections of 
E and a G &x © is an anti- holomorphic section of C^f, then all terms of Equation (29), 

except the first one, vanish. But then the first one ^ (ai o 02) also has to vanish. This shows 
that the Dorfman bracket of two holomorphic sections is itself holomorphic. □ 



4.4. Flat regular Courant algebroid. A Courant algebroid E is said to be regular if F := 
p{E) has constant rank, in which case p{E) is an integrable distribution on the base manifold 
M and ker p/(ker p)-*- is a bundle of quadratic Lie algebras over M. It was proved by Chen 
et al. [T] that the vector bundle underlying a regular Courant algebroid E is isomorphic to 
-F* © ^ © -F, where F is the integrable subbundle p{E) of TM and Q the bundle ker p/(ker p)-*- 
of quadratic Lie algebras over M. Thus we can confine ourselves to those Courant algebroid 
structures on F* © ^ © F whose anchor map is 

pi^i + ri + xi) = xi, (45) 

whose pseudo-metric is 

{ii + ri + xi,^2 + r2 + X2) = (eik2) + + (ri,r2)^, (46) 
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and whose Dorfman bracket satisfies 

Prg(riOr2) = [ri,r2]^, (47) 

where ^1,^2 ^ F* , ri,r2 G Q, and Xi,X2 G F. We call them standard Courant algebroid 
structures on F* © ^ © F. 



Theorem 4.10 ([T]). A Courant algebroid structure on F* (B G (B F , with pseudo-metric (46) 



and anchor map (|45j), and satisfying (47), is completely determined by an F -connection V 
on Q , a bundle map R : /\^F Q , and a 3-form % G r(A^-F*) satisfying the compatibility 
conditions 

L,{r, sf = (V, r, sf + (r, V,. sf, (48) 
V4r,sf = [V.r,sf + [r,V,sf, (49) 
(V, R{y, z) - R{[x, yl z)) + c.p. = 0, (50) 
V^. Vyv-Vy V,. r - V[,,j,] r = [R{x, y), rf, (51) 
d^n ={RA Rf (52) 
for all x,y,z G T{F) and r, s G r(^). Here {R A i?)^ denotes the A-form on F given by 
{R A Rf{xi,X2,X3,Xi) = IY1 sgn(a)(i?(a;(^(i),a;(^(2)),-R(x^(3),x^(4)))^, 

erg 54 

where xi,X2, X3, X4 G F. 

The Dorfman bracket on = F* © ^ © F is then given by 

X1OX2 = l-L{xi,X2,_) + R{xi,X2) + [xi,X2], (53) 

rior2 = Viri,r2) + [ri,r2f, (54) 

^1 o r2 = ri o ^2 = ^1 o ^2 = 0, (55) 

xi 0^2 = ^x16, (56) 

^10x2 = -L^2^i + d^{^i\x2), (57) 

xior2 = -r2 0x1 = -2Q{xi, r2) + V^.^ r2, (58) 

for all 6,6 e r(F*), ri,r2 G r(^), Xi,X2 G r(F). Here : C°^(M) ^ r(F*) denotes the 
leafwise de Rham differential. The maps V : r(^) © r(^) ^ r(F*) and Q : r(F) © r(^) ^ 
r(F*) are defined, respectively, by the relation 

{V{rur2)\y) = 2{r2,Vyr,f (59) 

and 

{Qix,r)\y) = ir,Rix,y)f. (60) 

Definition 4.11. A standard Courant algebroid E = F* ® Q ® F is said to be fiat if {R A R)^ 
vanishes. 

Proposition 4.12. Let E = F*®Q®Fbea flat standard Courant algebroid. Then {F®F*)h 
and Q form a matched pair of Courant algebroids, and E is isomorphic to their matched sum, 
where (F © F*)h denotes the twisted Courant algebroid on F ® F* by the 3-form H. Here the 
{F (B F*) H connection on Q is given by 



^x+ir = V,r, (61) 
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while the Q-connection on [F © F*)h is given by 

^,(X©0 = 2Q(X,r)©0 



(62) 



Proof. It follows from the flatness of the Courant algebroid that the 3-form H G fi|j(F) is dp 
closed. Therefore we can construct the twisted standard Courant algebroid (F © F*)h- By 
comparing each component of the Dorfman bracket of the sum Courant algebroid Q(B{F(BF*)h 
with that of the bracket (53)-(58), we see that, for our choice (61) and (62), both coincide. □ 



5. Matched pairs of Dirac structures 



Recall that a Dirac structure D in a Courant algebroid {E, (., .),o, p) with split signature is a 
maximal isotropic and integrable subbundle. 

Proposition 5.1. Given a matched pair {Ei,E2) of Courant algebroids of split signature and 
Dirac structures Di C Ei and D2 C E2, the direct sum Di © D2 is a Dirac structure in the 
Courant algebroid Ei®E2 iff^a ^ r(Di) and a G ^{02) for all a G T(D2) and a G T{Di). 



Proof. It is obvious that Di © D2 is maximal isotropic. It remains to check that the E2 (Ei)- 
component of the bracket of any two sections of Di is automatically in D2 (Di). Indeed, we 
have 

(0 © a, {a ©0)o(6©0)) = 

Since Di is isotropic, the RHS vanishes. It thus follows from the maximal isotropy of D2 that 
(a©0)o(6©0) is in Ds- □ 

Definition 5.2. Let {Ei,E2) be a matched pair of Courant algebroids. A Dirac structure Di 
in El and a Dirac structure D2 in E2 are said to form a matched pair of Dirac structures if 
their direct sum Di © D2 is a Dirac structure in the matched sum Ei® E2. 

Corollary 5.3. Let Di (resp. D2) be a Dirac structure in a Courant algebroid Ei (resp. E2). 
If {Ei,E2) is a matched pair of Courant algebroids and {Di,D2) is a matched pair of Dirac 
structures, then {Di,D2) is a matched pair of Lie algebroids. 

Example 5.4. Let CM := TM © T*M be the standard Courant algebroid, V ^ M a vector 
bundle with a Bat connection V. Endowing V* with the dual connection, CM and V (BV* are 
matched pair of Courant algebroids. 

Let u G Q'^{M) and L G T^A'^V*). Graphs C CM is a Dirac structure in CM iff du = 
0. On the other hand. Graph L* G V (B V* is automatically a Dirac structure. Then 
(Graph w. Graph L*) is a matched pair of Dirac structure iff [Vx , L"^] = for all X G r(TM). 
In this case the direct sum Dirac structure is the graph of bundle map 




TM®V 

On the other hand, we can consider the Dirac structure on CM given by the graph of a Poisson 
bivector tt on M, and the Dirac structure on V (BV* given by the graph of A & r{A^V). They 
form a matched pair of Dirac structures if and only if [tt, Aj^ = 
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